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1. INTRODUCTION AND PRELIMINARIES
w xIn 1961, Ky Fan 3 proved the following section theorem:
THEOREM A. Let X be a nonempty compact con¤ex subset of a Hausdorff
topological ¤ector space E, and let A be a nonempty subset of X = X with
Ž .x, x g A for all x g X. Suppose the following conditions are fulfilled:
Ž .  Ž . 4i For each x g X, the set y g X : x, y f A is con¤ex or empty.
Ž .  Ž . 4ii For each y g X, the set x g X : x, y g A is closed.
 4Then there exists a point x g X such that x = X ; A.0 0
w xIn 1980, Ha 5 generalized Theorem A as follows:
THEOREM B. Let E and F be Hausdorff topological ¤ector spaces, let
X ; E, Y ; F be nonempty con¤ex subsets, and let A be a subset of X = Y
such that
Ž .  Ž . 4i For each x g X, the set y g Y: x, y f A is con¤ex or empty.
Ž .  Ž . 4ii For each y g Y, the set x g X : x, y g A is closed in X.
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Suppose that there exists a subset B of A and a compact con¤ex subset K of
X such that B is closed in X = Y and
Ž .  Ž . 4iii For each y g Y, the set x g K : x, y g B is nonempty and
 4con¤ex. Then there exists a point x g K such that x = Y ; A.0 0
This paper has two purposes. First we give a section theorem of the Ky
Fan type and its equivalent theorem in an H-space, and next, as their
applications, we obtain some minimax theorems and some coincidence
theorems.
To begin with we explain the notion of an H-space introduced by
w xHorvath 6]8 and related concepts on H-spaces.
Ž .Let X be a topological space and let F X be the family of all
 4nonempty finite subsets of X. Let G be a family of nonempty con-A
Ž .tractible subsets of X indexed by A g F X such that G ; G wheneverA A9
Ž  4.A ; A9. The pair X, G is called an H-space. Given an H-spaceA
Ž  4.X, G , a nonempty subset D of X is called H-convex if G ; D forA A
each nonempty finite subset A of D. For a nonempty subset K of X, we
define the H-convex hull of K, denoted by H-co K, as
 4H-co K s F D ; X : D is H-convex and D > K .
Then H-co K is H-convex and is the smallest H-convex set containing K.
Ž  4.Let X, G be an H-space, let Y be a topological space, and let f :A
Ž . Ž .X = Y “ R real number set be a function. For each y g Y, f x, y is
Ž . said to be H-quasiconvex or H-quasiconcave in x if the set x g X :
Ž . 4 Ž  Ž . 4.f x, y - t or x g X : f x, y ) t is H-convex for all t g R.
Now let X, Y be two topological spaces.
Ž . w x  Ž . 41 If A ; X = Y and y g Y, let A y s x g X : x, y g A .
Ž . Y y1Ž .2 For a multivalued mapping T : X “ 2 , we denote T y s
 Ž .4 Ž . y1Ž .x g X : y g T x and T* y s X _ T y for each y g Y.
Ž . Ž .3 A function f : X = Y “ R is said to be transfer lower upper
semicontinuous about x on X if for each r g R, and each x g X and
Ž . Ž Ž . .y g Y, f x, y ) r f x, y - r implies that there exists an open neighbor-
Ž . Ž . Ž Ž . .hood N x of x and a point y9 g Y such that f z, y9 ) r f z, y9 - r
Ž . w xfor all z g N x 17 .
Ž . Ž .Remark. a If f is lower upper semicontinuous in x, then f is
Ž .transfer lower upper semicontinuous about x on X.
Ž . Ž .b If function f : X = Y “ R is transfer lower upper semicontinu-
Ž .ous about x on X, then the marginal function x “ sup f x, y is lowery g Y
Ž Ž . .semicontinuous x “ inf f x, y is upper semicontinuous . The con-y g Y
verse is not true.
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w xEXAMPLE. Let X s Y s 0, 1 . Suppose the function f : X = Y “ R is
defined by
¡D x D y , if x / 1 and y / 1.Ž . Ž .~1 y D y , if x s 1,Ž .f x , y sŽ . ¢1 y D x , if y s 1,Ž .
Ž . w xwhere D x is the Dirichlet function on 0, 1 . Then
sup f x , y s 1, inf f x , y s 0.Ž . Ž .
ygYygY
Obviously both of the marginal functions
x “ sup f x , yŽ .
ygY
and
x “ inf f x , yŽ .
ygY
Ž .are continuous in X, but f x, y is neither transfer lower semicontinuous
nor transfer upper semicontinuous about x on X.
2. MAIN RESULTS
Lemmas 1 and 2 are, respectively, Theorem 2.2 and Corollary 2.3 in
w xTarafdar 16 .
Ž  4.LEMMA 1. Let X be a compact topological space and let Y, G be anA
H-space. Let T : X “ 2Y be a multi¤alued mapping such that
Ž . Ž .i For each x g X, T x is a nonempty H-con¤ex subset of Y.
Ž .  Ž y1Ž .. 4ii int T y : y g Y is an open co¤ering of X.
Then there is a continuous selection f : X “ Y of T such that f s g (w, where
g : D “ Y and w : X “ D are continuous mappings, and D is the standardn n n
n-dimensional simplex for some positi¤e integer n.
Ž  4. XLEMMA 2. Let X, G be a compact H-space and T : X “ 2 be aA
multi¤alued mapping such that
Ž . Ž .i For each x g X, T x is a nonempty H-con¤ex subset.
Ž .  Ž y1Ž .. 4ii int T y : y g Y is an open co¤ering of X.
Ž .Then there is a point x g T x .0 0
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Ž  4.THEOREM 1. Let X be a Hausdorff topological space, let Y, G be anB
H-space, and let M, N be two subsets of X = Y. Suppose the following
conditions are fulfilled:
Ž .i There exists a compact subset K of X such that
Ž .a for each x g K, the set
H y co y g Y : x , y f N ; y g Y : x , y f M ; 4  4Ž . Ž .
Ž . Ž w x. w xb F cl N y s F N y .y g Y y g Y
Ž .ii There exists a subset P of M such that P is closed in X = Y, and for
each y g Y, the set
x g K : x , y g P 4Ž .
is nonempty acyclic.
 4Then there exists a point x g K such that x = Y ; N.0 0
Proof. If the conclusion of Theorem 1 is false, then for each x g K
Ž .there is a point y g Y such that x, y f N. Let0 0
S x s y g Y : x , y f N , T x s y g Y : x , y f M . 4  4Ž . Ž . Ž . Ž .
Y Ž .Then S, T : K “ 2 are such that for each x g K, S x / B and H-
Ž . Ž . Ž .Ž . Ž .co S x ; T x by i a . For each x g X, there exists a point y g S x ,
w x Ž .i.e., x f N y since S x / B, and hence there exists a point y9 g Y such
Ž w x. Ž .Ž .that x f cl N y9 by i b . Consequently, there is an open neighborhood
Ž . Ž . w x Ž . y1Ž .U x of x such that U x l N y9 s B. Hence U x ; S y9 , i.e., x g
Ž y1Ž ..  Ž y1Ž .. 4int S y9 . Therefore, int S y : y g Y is an open covering of K.
 Ž .y1Ž . 4Consequently, int H-co S y : y g Y is an open covering of K, where
the mapping H-co S: K “ 2Y is defined by
H-co S x s H-co S x , ; x g K .Ž . Ž .Ž .
By virtue of Lemma 1 there exists a continuous mapping f : K “ Y such
that f s g (c , and
f x g H-co S x ; T xŽ . Ž . Ž .
for all x g K, where c : K “ D , g : D “ Y are continuous mappings andn n
D is the standard n-simplex. Hencen
x , f x f M , ; x g K . 1Ž . Ž .Ž .
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On the other hand, we define a multivalued mapping G: Y “ 2 K by
G y s x g K : x , y g P , ; y g Y . 4Ž . Ž .
Ž . KBy ii , G: Y “ 2 is an upper semicontinuous multivalued mapping with
nonempty closed acyclic values. Consequently, so is the mapping F:
K Ž . Ž Ž .. w xD “ 2 defined by F u s G g u . By virtue of Lemma 2.1 of 13 ,n
Ž Ž .. w Ž Ž ..xthere exists a point u g D such that u g c F u s c G g u , and son
Ž Ž .. Ž . Ž .there is a point x g G g u ; K such that u s c x . Let y s g u . Then
Ž . Ž . Ž . Ž Ž .. Ž .y s g (c x s f x and x g G y , i.e., x, f x s x, y g P ; M. This
Ž .contradicts 1 and completes the proof.
Ž  4.COROLLARY 2. Let X be a Hausdorff topological space, let Y, G beB
an H-space, and let M, N be two subsets of X = Y with M ; N. Suppose the
following conditions are fulfilled:
Ž .  Ž . 4i For each y g Y, the set x g X : x, y g N is closed.
Ž .  Ž . 4ii For each x g X, the set y g Y: x, y f M is H-con¤ex or
empty.
Suppose also that there exists a subset P of M and a compact subset K of X
such that P is closed in X = Y and
Ž .  Ž . 4iii For each y g Y, the set x g K : x, y g P is nonempty acyclic.
 4Then there exists a point x g K such that x = Y ; N.0 0
Remark. Both Theorem 1 and Corollary 2 improve and extend Theo-
rem A and Theorem B to a topological space X and an H-space Y.
Theorem 3 is equivalent to Theorem 1.
Ž  4.THEOREM 3. Let X be a Hausdorff topological space, let Y, G be anB
H-space, and let F, T : Y “ 2 X be two multi¤alued mappings. Suppose the
following conditions are fullfilled:
Ž . Uy 1Ž . Ž y1Ž ..i D F y s D int F ) y .y g Y y g Y
Ž . Xii T : Y “ 2 is an upper semicontinuous multi¤alued mapping with
Ž .nonempty closed ¤alues or T has a closed graph .
Ž .iii There exists a compact subset K of X such that
Ž . Ž .a for each y g Y, the set T y l K is nonempty acyclic,
Ž . Ž Ž .. Ž .b For each x g K, H-co F* x ; T* x .
Ž .Then F F y / B.y g Y
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Proof. Theorem 1 « Theorem 3: Let
N s x , y g X = Y : x g F y , 4Ž . Ž .
M s x , y g X = Y : x g T y . 4Ž . Ž .
Then for each x g K, the set
H-co y g Y : x , y f N s H-co Y _ Fy1 x 4Ž . Ž .Ž .
; Y _ Ty1 xŽ .
s y g Y : x , y f M 4Ž .
Ž .Ž . Ž . Ž w x. w x Ž .by iii b . By i F cl N y s F N y , by ii M is closed, and byy g Y y g Y
Ž .Ž .iii a the set
x g K : x , y g M s K l T y 4Ž . Ž .
is nonempty acyclic for each y g Y.
 4By Theorem 1, there exists a point x g K such that x = Y ; N, i.e.,0 0
Ž . Ž .x , y g N for all y g Y. Hence x g F F y / B. This completes0 0 y g Y
the proof.
Theorem 3 « Theorem 1: For each y g Y, let
S y s x g X : x , y g M , 4Ž . Ž .
T y s x g X : x , y g P , 4Ž . Ž .
F y s x g X : x , y g N . 4Ž . Ž .
Ž . Ž .By i there exists a compact subset K ; X such that K l T y is nonempty
acyclic and for each x g K the following hold:
Ž . Ž Ž .. Ž . Ž .a H-co F* x ; S* x ; T* x .
Ž . Ž y1Ž .. y1Ž .b D int F ) y s D F ) y .y g Y y g Y
Since again P is closed in X = Y, T has a closed graph. Consequently by
Ž . Ž .Theorem 3 F F y / B, and hence there is a point x g F F y .y g Y 0 y g Y
 4Thus x = Y ; N and Theorem 1 is proved.0
Ž  4.COROLLARY 4. Let X be a Hausdorff topological space, let Y, G beB
an H-space, and let F, T : Y “ 2 X be two multi¤alued mappings. Suppose the
following conditions are fulfilled:
Ž . y1Ž . Ž y1Ž ..i D F* y s U int F* y .y g Y y g Y
Ž . Xii T : Y “ 2 is an upper semicontinuous multi¤alued mapping with
Ž .nonempty closed ¤alues or T has a closed graph ,
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Ž .iii There exists a compact subset K of X such that
Ž . Ž .a for each y g Y, the set T y l K is nonempty acyclic and
Ž . Ž .T y ; F y ,
Ž .  4b for each finite subset y , y , . . . , y ; Y,1 2 n
n
T G ; T y .Ž .Ž . D y , y , . . . , y 4 i1 2 n
is1
Ž .Then F F y / B.y g Y
Ž . Ž . y1Ž . y1Ž .Proof. Since T y ; F y for each y g Y, T x ; F x for each
Ž . Ž .x g X, and hence F* x ; T* x for each x g X. Hence, it is sufficient to
Ž .  4show that T* x is H-convex. For each finite subset y , y , . . . , y ;1 2 n
Ž . n Ž . Ž .T* x , we have x f D T y , and hence x f T G . There-is1 i  y , y , . . . , y 41 2 n
Ž . Ž .fore, for each y g G , we have x f T y , i.e., y g T* x . Hence y , y , . . . , y 41 2 n
Ž . Ž .G ; T* x . This shows that T* x is H-convex and completes y , y , . . . , y 41 2 n
the proof.
Remark. Even if X and Y are nonempty convex setsets of topological
vector spaces and F s T , Theorem 3 and Corollary 4 are different from
w xTheorems 2.4 and 2.5 in 19 , since our multivalued mapping is of upper
semicontinuous type.
Ž  4.THEOREM 5. Let X be a compact Hausdorff topological space, let Y, GA
be an H-space, and let f , g : X = Y “ R be two functions. Let b s sup x g X
Ž . Ž . Ž . 4inf g x, y and D s x, y g X = Y: f x, y ) b . Suppose that they g Y
following conditions are fulfilled:
Ž . Ž . Ž . Ž .i f x, y F g x, y for all x, y g D.
Ž . Ž .ii g x, y is transfer upper semicontinuous in x, and for each y g Y,
 Ž . 4the set x g X : f x, y ) t is acyclic or empty for each t ) b.
Ž . Ž .iii For each x g X, f x, y is H-quasicon¤ex in y, and f : X = Y “ R
is upper semicontinuous. Then
inf sup f x , y F sup inf g x , y .Ž . Ž .
ygY ygYxgX xgX
Proof. If the conclusion of Theorem 5 is false, then there is a real
number t such that
b s sup inf g x , y - t - inf sup f x , y .Ž . Ž .
ygY ygYxgX xgX
Ž .  Ž . 4 Ž .  Ž .For each ygY, let F y s xgX : g x, y G t , T y s xgX : f x, y G
4 X Ž . Ž .t . Then F, T : Y “ 2 are two multivalued mappings with T y ; F y for
Ž . Ž . Ž .all y g Y, since f x, y F g x, y for all x, y g D.
ON KY FAN'S SECTION THEOREM 119
Ž .Since f is upper semicontinuous, the graph Gr T of T is closed, and
since X is compact, T : Y “ 2 X is upper semicontinuous. Since again, for
Ž .each x g X, f x, ? is H-quasiconvex, the set
T* x s y g Y : x f T y s y g Y : f x , y - t 4  4Ž . Ž . Ž .
is H-convex.
y1Ž .For each x g D F ) y there is a point y g Y such thaty g Y 0
Ž . Ž .g x, y - t. By the first part of condition ii , there exists an open0
Ž . Ž .neighborhood U x of x and a point y9 g Y such that g z, y9 - t for all
Ž . Ž . Ž . Ž Uy 1Ž ..z g U x , and hence U x l F y9 s B. Hence x g int F y9 . It
shows
F )y1 y s int FUy 1 y .Ž . Ž .Ž .D D
ygY ygY
Ž . Ž .Note that since X is compact by the second part of ii and iii for each
y g Y, the set
T y s x g X : f x , y G t s x g X : f x , y ) t y « 4  4Ž . Ž . Ž .F
0-«-tyb
Ž .is acyclic this follows from the continuity of Cech homology .
Therefore all conditions of Theorem 3 are fulfilled, so by Theorem 3,
Ž .F F y / B. Thus there exists a point x g X such that x gy g Y 0 0
Ž . Ž .F F y , i.e., g x , y G t for all y g Y. Hencey g Y 0
sup inf g x , y G t .Ž .
ygYxgX
This contradicts the choice of t and completes the proof.
COROLLARY 6. Let X be a compact Hausdorff topological space, and let
Ž  4.Y, G be an H-space. If an upper semicontinuous function f : X = Y “ RA
is such that
Ž .  Ž . 4i For each y g Y, the set x g X : f x, y ) t is acyclic or empty for
each t g R,
Ž . Ž .ii For each x g X, f x, y is H-quasicon¤ex in y, then
inf max f x , y s max inf f x , y .Ž . Ž .
ygY xgX xgX ygY
Proof. By Theorem 5 we have
inf sup f x , y s sup inf f x , y .Ž . Ž .
ygY ygYxgX xgX
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Note that X is compact and f is upper semicontinuous, so we have
inf max f x , y s max inf f x , y .Ž . Ž .
ygY xgX xgX ygY
This completes the proof.
Remark. In the case where X is compact, Corollary 6 contains Theo-
w xrem 4 of Ha 5 as a special case.
THEOREM 7. Let K be a nonempty compact subset of a Hausdorff
Ž  4. Ytopological space X, and let Y, T be an H-space. Let T : X “ 2 andA
F: Y “ 2 X be multi¤alued mappings such that
Ž . Ž .i F has a closed graph Gr F .
Ž .  Ž y1Ž .. 4ii int T y ; y g Y is an open co¤ering of X.
Ž . Ž .iii For each x g K, T x is nonempty H-con¤ex.
Ž . Ž .iv For each y g Y, F y l K is nonempty acyclic.
Ž .Then there exist a point x g X and a point y g Y such that x g F y and0 0 0 0
Ž .y g T x .0 0
Ž . y1Ž .  Ž .4Proof. For each x g X, let G x s F x s y g Y: x g F y . Then
Ž . Y Ž .by i G: X “ 2 has a closed graph and by iv for each y g Y,
Gy1 y l K s x g X : y g G x lK 4Ž . Ž .
s x g X : x g F y l K 4Ž .
s F y l KŽ .
Ž . Ž .is nonempty acyclic. Let P s Gr G and M s N s x, y g X = Y: y f
Ž .4T x . Then for each y g Y, the set
x g K : x , y g P s x g K : x g Gy1 y s K l Gy1 y 4  4Ž . Ž . Ž .
Ž .is nonempty acyclic, and by iii P is closed in X = Y. If the conclusion of
Ž . Ž .Theorem 7 is false, then T x l G x s B for all x g X, and hence
Ž .P ; M. Moreover, by iii we know that for each x g K, the set
y g Y : x , y f M s T x 4Ž . Ž .
Ž . Ž w x. w xis H-convex, and by ii F cl N y s F N y .y g Y y g Y
 4So by Theorem 1, there exists a point x g K such that x = Y ; M,0 0
Ž . Ž . Ž .i.e., y f T x for all y g Y. Hence T x s B. This contradicts iii and0 0
completes the proof.
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w xRemark. Theorem 7 improves Theorem 3.1 of 2 , and improves and
w x w x w xgeneralizes Theorem 2.3 of 12 , Theorem 7 of 15 , Theorem 1 of 9 ,
w x w xTheorem 1 of 1 , and Theorem 1 of 18 .
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